We introduce the notion of a cut cellular surface (CCS), being a surface with boundary, which is cut in a specified way to be represented in the plane, and is composed of 0-, 1-and 2-cells. We obtain invariants of CCS's under Pachner-like moves on the cellular structure, by counting colourings of the 1-cells with elements of a finite group, subject to a "flatness" condition for each 2-cell. These invariants are also described in a TQFT setting, which is not the same as the usual 2-dimensional TQFT framework. We study the properties of functions which arise in this context, associated to the disk, the cylinder and the pants surface, and derive general properties of these functions from topology, including properties which come from invariance under the Hatcher-Thurston moves on pants decompositions.
Introduction
The purpose of this article is to describe a class of invariants and TQFT's for a particular type of surfaces, that we call cut cellular surfaces. Since the notion of TQFT (Topological Quantum Field Theory), may not be familiar to all readers, we start, in Section 2, with a brief introduction to this subject, based around a simple example.
In Section 3 we introduce our central concept, the definition of a cut cellular surface (CCS). This is a surface with boundary, which is cut in a specified way to be represented in the plane (like the well-known rectangle with opposite edges identified representing the torus), and which is composed of 0-, 1-and 2-cells, generalizing the familiar notion of a triangulated surface. We provide examples and define two moves on the cell structure which give equivalent planar representations. In the special case of triangulated manifolds without boundary we show that these moves generate the Pachner moves on triangulations.
In Section 4, we define invariants of CCS's which come from assignments of elements of a finite group G to the 1-cells of the CCS. The assignments, called G-colourings, are subject to a condition ("flatness") and the invariant counts the number of valid G-colourings with a suitable normalization factor. These expressions are shown to be invariant under the two moves on the cellular structure. We calculate the invariant for some elementary examples.
In Section 5 we describe how the invariant behaves when gluing two CCS's together along a common boundary component, and use this to get a TQFT for these surfaces. We note that these TQFT's are not the same as the 2D TQFT's which were classified by Abrams in terms of Frobenius algebras [1] .
In Section 6 we analyse general properties of the invariants, such as their behaviour under certain symmetry operations on CCS's. We study properties of the invariants assigned to three elementary surfaces, the disk D, the cylinder C and the pants surface P , and give a sample calculation of how a topological equivalence implies a relation for these invariants. We conclude by giving two properties of the invariant assigned to the pants surface, which correspond to the Hatcher-Thurston moves [4] on pants decompositions of a surface.
As we point out in our conclusions, in Section 7, this article paves the way for an analogous construction, using colourings of both 1-and 2-cells of a CCS, with elements of a finite 2-group.
A brief introduction to TQFT
The notion of TQFT (Topological Quantum Field Theory), which motivates our approach, may not be familiar to all readers, so we start with a brief introduction to this subject. In essence, TQFT is a way of obtaining invariants of a topological or geometrical nature, based on the formalism used by physicists in describing quantum theory.
Suppose we have a class of manifolds with boundary, and we specify for each M in this class, an "in" part and "out" part of its boundary. Such a manifold represents the evolution of a physical system from an initial to a final configuration. The idea is that we will only take into account basic topological or geometrical features of M , i.e. we do not distinguish between M 's with equivalent features.
As an example, let M be a union of 1-dimensional manifolds ("strands") connecting n ordered points (the "in" boundary) to n ordered points (the "out" boundary), but not necessarily in the same order. See Figure 1 below representing such a manifold with 4 strands. Note that the two strands connecting the 3rd and 4th points do not actually intersect, despite the appearance in the planar representation.
For two such manifolds, M 1 and M 2 , with the same number of strands n, we can perform a composition or concatenation, denoted M 2 • M 1 , as in Figure 2 , where n = 3. The two representations of this composition in the Figure are equivalent, since we are only concerned with the topology, which in this case means no more than what the endpoints of each strand are. Thus for fixed n, we clearly have a correspondence between equivalence classes of manifolds M , and elements of the permutation group P n . Composition of manifolds corresponds to multiplication in this group.
A TQFT is an algebraic representation of the class of manifolds M in the following sense. To each type of "in" or "out" boundary, denoted Σ, we assign a finite-dimensional vector space V Σ (over some fixed field k). In the language of quantum theory, this vector space represents the Hilbert space of states for a physical system. To the manifold M itself, we assign a linear transformation Z M : V Σ i → V Σo . In the context of quantum theory, Z M corresponds to the evolution operator of the physical system.
In our example, if we denote by V n the vector space assigned to n points, a manifold M with n strands gets assigned to it a linear transformation
The assignments Σ → V Σ and M → Z M need to satisfy a number of natural properties in order to constitute a TQFT. We will just give the main ones, which are sufficient for the understanding of the present article, and refer the reader to the article by Atiyah [2] , where the axioms of TQFT were first introduced.
First, when two manifolds M 1 and M 2 are composed, we have the property:
i.e. the composition of manifolds is represented by the composition of the corresponding linear transformations. In the case of our example, this means that the linear maps Z M , for manifolds M with n strands, constitute a representation of P n on the vector space V n . An immediate consequence of property (1) follows from applying it to M = Σ × I, where I is a closed interval in R, and M has "in" and "out" boundary both equal to Σ. Since (Σ × I) • (Σ × I) is equivalent to Σ × I, we get the relation:
i.e. Z Σ×I is an idempotent. For this reason, in many TQFT's, Z Σ×I is taken to be id V Σ , the identity map on V Σ , and this is the choice we will make in our example. Thus we will assign to the manifold consisting of n vertical strands (like the two strands on the left in Figure 1 ) the identity transformation on V n . The second main property of a TQFT refers to the situation where either Σ or M are disjoint unions of manifolds. The disjoint union is the union of disjoint sets, e.g. Σ consisting of 5 points is the disjoint union of Σ 1 consisting of 2 points and Σ 2 consisting of 3 points. Likewise the manifold M of Figure 1 is the disjoint union of M 1 , consisting of a pair of parallel strands, and M 2 , consisting of a pair of crossing strands. We will write this as:
For Σ = Σ 1 ⊔ Σ 2 we have the property
where the right hand side denotes the tensor product of vector spaces. 
where, on the right hand side, the tensor product of linear transformations is defined by:
Note that, since M is a disjoint union, the "in" and "out" boundaries of M are disjoint unions too. In our example, the property (3) means that we only need to specify V Σ = V , when Σ is a single point, since for Σ equal to n points we have V n = V ⊗ V · · · ⊗ V (n times), or more succinctly, V n = V ⊗n . Likewise, for M = M 1 ⊔ M 2 , the linear map Z M is constrained by the property (4).
We can summarise all the above by saying that a TQFT for our example consists of a compatible collection of representations of P n on V n = V ⊗n , for all n. An example of such a collection is given as follows: let M be an n-strand manifold which connects point i of the "in " boundary to point σ(i) of the "out " boundary, for i = 1, . . . , n, where σ ∈ P n . Then we set:
for any elements v 1 , . . . , v n ∈ V , extended by k-linearity to general elements of V ⊗n . This clearly satisfies the conditions (1), (2) and (4) for Z M , and (3) has already been incorporated by having V n = V ⊗n .
We haven't touched here on some other general properties of a TQFT, such as those which relate to the cases when Σ or M is the empty set, or the behaviour under change of orientation when Σ and M are oriented manifolds. These properties are irrelevant for the discussion of our example, but come into play when considering more general types of manifold, such as an oriented ∪-shaped manifold, with "in" boundary the empty set and "out" boundary two oppositely-oriented points. The empty manifolds Σ and M are also needed in order to complete the formal mathematical structure surrounding equations (3) and (4) . We refer again to [2] for an in-depth presentation of the general properties of a TQFT.
Finally, we will say a brief word about notation. When we wish to describe a linear transformation Z M : V Σ i → V Σo in concrete terms, we may introduce a basis
We will be using the suggestive physicists' notation for the matrix elements c ji , namely:
Cut cellular surfaces
We will be considering surfaces with boundary, which are cut in a specified way to be represented in the plane (like the well-known rectangle with opposite edges identified representing the torus), and which are composed of 0-, 1-and 2-cells, generalizing the familiar notion of a triangulated surface. We recommend using Figure 3 to accompany the following definition. 
d) The simply connected planar region is made up of one or more 2-cells, separated by "internal" 1-cells and 0-cells.
To fix ideas we give some simple examples.
• The example with the least number of 1-cells is the sphere S, represented on the left in Fig. 4 with two 0-cells, one cut 1-cell and one 2-cell.
• The disc D can be represented as a triangle in two ways, depending on whether the boundary is taken to be "in" or "out" (the two middle CCS's in Fig. 4 ).
• A representation of the cylinder C is shown on the right in Fig. 4 .
• The well-known representation of the torus T as a square with opposite edges identified is shown as a CCS on the left in Figure 5 .
• We show a representation of the pants surface P , choosing (for sartorial reasons!) one "in" boundary component and two "out" boundary components (in the middle of Fig. 5 ). We illustrate the cuts made in Figure 6 .
• If we glue together two discs to make a sphere, as shown on the right in 
a). When this move is applied to a cut 1-cell, we must ensure that the 0-cell is introduced into both copies of the cut 1-cell, or removed from between both copies of the cut 1-cell, in the planar representation. Regarding Move II, we have used dots-and-dashes lines for the 1-cells around the perimeter of the 2-cell to indicate that they can be either boundary or non-boundary 1-cells. Note that the 1-cell which is introduced or removed, connects two 0-cells in the boundary of the 2-cell in the planar representation, and that these may be the same 0-cell, as shown on the right in Figure 8.
Clearly a triangulated surface without boundary, endowed with a planar representation, is an example of a CCS. As is well-known, different triangulations of the same surface are related by the Pachner moves [5] . These moves are generated by the moves on CCS's, as we show in Figure 9 below. 
Invariants for CCS's from finite group colourings
Fix a finite group G. Given a CCS, M , we fix orientations on the 1-cells of M , specified as follows with respect to the planar representation:
• the boundary 1-cells are oriented from left to right
• the cut 1-cells are oriented as chosen in Definition 3.1 b)
• the internal 1-cells are oriented arbitrarily.
Definition 4.1 A G-colouring of M is an assignment of an element g i ∈ G to each 1-cell labelled i, such that, for each 2-cell in the planar representation, the following (flatness) condition holds:
• if the 1-cells of the boundary of the 2-cell are labelled
where the factor is g i j or g
depending on whether or not the 1-cell i j is oriented compatibly with the positive orientation of the 2-cell.
See Figure 10 for an example of the flatness condition. We have again used dots-and-dashes lines for the 1-cells to indicate that they can be either boundary or non-boundary 1-cells. 
, which corresponds to starting instead at the 0-cell which is the endpoint of α. The term flatness condition is motivated by the links with gauge theory, where a flat G-connection gives rise to G-valued transports along oriented 1-cells satisfying the flatness condition around each 2-cell.
We can define an invariant of CCS's, using G-colourings. Choose elements of G, g 1 , . . . , g n , for the colouring of the "in" boundary components, and h 1 , . . . , h m , for the colouring of the "out" boundary components, ordering the boundary components from left to right in the planar representation. Let |G| denote the number of elements of the finite group G, and v denote the number of internal vertices, i.e. 0-cells, of M . Let C = C(g 1 , . . . , g n ; h 1 , . . . , h m ) denote the set of all G-colourings of M which have the given assignments on the boundary components. Then we define:
If there are no "in" or "out" components we write the invariant as . . .
Remark 4.3 Equivalently we can write the invariant as a state-sum:
We now discuss in what sense these are invariants. First of all, we have: Proof. Clearly the number of internal vertices is unchanged, and there is a bijection between the respective sets of colourings, given by replacing the element g assigned to any cut 1-cell or internal 1-cell by g −1 , when its orientation is reversed.
More importantly we have: 
since in the extreme left surface, the set of colourings {j | j ∈ G} has cardinality |G| and there are two internal vertices, and in the surface next to it, the set of colourings {(j 1 , j 2 , k) ∈ G 3 | k = 1} has cardinality |G| 2 and there are three internal vertices. For the disk D (third CCS from the left in Figure 13 ), we have:
where
since the set of colourings {k ∈ G | gkk −1 = g = 1} has cardinality |G|, if g = 1, and 0 otherwise, and there is one internal vertex and one external vertex.
For the cylinder C (CCS on the right in Figure 13 ), noting that there are no internal vertices and two external vertices, we have
For the torus T (CCS on the left in Figure 14 ), we get:
Finally, for the pants surface P (CCS on the right in Figure 14) we get:
Remark 4.6 We will be studying the three functions D(g), C(g, h), P (g, i, h) more closely soon. Note that C(g, h) tells us the "extent" to which g and h are conjugate, e.g. C(g, h) = 0 if g and h are not conjugate, and C(g, g) is the cardinality of the centraliser of g in G. Likewise, comparing the expressions for C(g, h) and P (g, i, h), the latter function tells us the "extent" to which g is "doubly conjugate" to the pair of elements i, h.

A gluing formula for the invariant and TQFT's for CCS's
When the outgoing boundary components of M 1 match the incoming boundary components of M 2 , we can perform a gluing, or composition, to make a surface M 2 • M 1 . For the result to be a CCS, we adopt the following procedure, illustrated in Figure 15 .
Gluing procedure: we identify the shared boundary component furthest to the left (labelled α in the Figure) , and the remaining shared boundary components (just one in the Figure, 
Remark 5.1 We could have obtained a different CCS by making β internal instead of α. In general, one could define a set of compositions between M 1 and M 2 , specifying which shared boundary becomes internal.
Suppose we have M 1 with n incoming boundary components and m > 0 outgoing boundary components, and M 2 with m incoming boundary components and p outgoing boundary components. Fixing the colourings of the "in" boundary components of M 1 and the "out" boundary components of M 2 the colourings of M 2 • M 1 allow a priori any choice for the colourings of the m intermediate 1-cell components. Thus we arrive at the following gluing formula for the invariant:
Note that the m external vertices in the two factors on the right hand side each give rise to a factor 1 |G| 1/2 in (6), and these combine to give a factor 1 |G| for the corresponding internal vertex on the left hand side.
The gluing formula enables us to construct a natural TQFT, as already suggested by our notation for the invariants. We assign to each incoming or outgoing boundary of a CCS M , a vector space V i or V o over R, whose basis consists of all G-colourings of the boundary components. The basis elements are written | g 1 , . . . , g n or h 1 , . . . , h m |, and the dimension of V i and V o is |G| n and |G| m respectively. To the CCS itself we assign the linear transformation Z M from V i to V o , whose matrix elements with respect to these two bases are given by:
Thus from the gluing formula (10) we have the fundamental TQFT property:
There is an important corollary of (11), which expresses that the cylinder C has assigned to it an idempotent, as should be expected from our general discussion of TQFT in Section 2 -see equation (2).
Proof. This holds due to the invariance of the matrix elements of Z C , implying that they are the same for the simple cylinder as in Figure 13 , and for the cylinder made of two cylinders glued together, which is obtained from the simple cylinder by a move of Type I followed by a move of Type II. Thus Z C•C = Z C and the property follows.
Remark 5.3 In terms of the function C(g, h) defined in (8), this corresponds to the equation:
which we can also prove algebraically by straightforward means: If g and i are not conjugate, then the right hand side of (12) 
is 0, and so is the left hand side, since for any h, either C(g, h) = 0 or C(h, i) = 0. It remains to consider the terms in (12) for which g, h and i are in the same conjugacy class. When h is conjugate to g, i.e. there exists m such that
h = mgm −1 , we have C(g, h) = C(g, g), since g = khk −1 ⇔ g = (km)g(km) −1 .
Hence C(g, h) = C(h, i) = C(g, i), and (12) reduces to
which clearly holds, since, fixing g, every k ∈ G belongs to precisely one set of the form k ∈ G : g = khk −1 . If we denote the conjugacy class of g in G by g, we then have an equation for the number of elements of g:
since C(g, h) = C(g, g) for all h ∈ g, and the number of non-zero terms in the sum on the l.h.s. of (13) is #g. Let ConjClass(G) denote the set of conjugacy classes of G. Then its cardinality is given by the following equation, which we will be using shortly:
The double sum on the r.h.s. decomposes into double sums where g, h both belong to the same conjugacy class g. Restricting to these terms, the r.h.s. of (15) becomes:
and collecting the contributions from each conjugacy class, we get equation (15).
Remark 5.4 Note that this property of C(g, h) distinguishes our TQFT's from the ordinary 2-dimensional TQFT's, which were shown by Abrams to be equivalent to Frobenius algebras [2]. For these the linear mapping assigned to the cylinder is simply the identity map on the vector space associated to the circle. In our case it is clear that the invariant subspaces of Z C are those spanned by collections of elements of G which constitute a conjugacy class. Within each invariant subspace there is just one eigenvector of Z C with eigenvalue 1, namely g∈C |g where C denotes a conjugacy class of G.
To complete the TQFT description, we also need to address the disjoint union of two CCS's M 1 and M 2 , denoted M 1 ⊔ M 2 , which is simply their juxtaposition, as in Figure 16 .
The number of G-colourings of M 1 ⊔ M 2 is clearly the product of the number of G-colourings of M 1 and M 2 separately, fixing the colours of the boundary components. Defining the invariant for M 1 ⊔ M 2 in exactly the same way as for a single CCS M , we therefore have the property: Figure 16 : The disjoint union of two CCS's
This multiplicative property can also be expressed more concisely using the tensor product of linear transformations:
Our main point, to be developed in the next section, is that the gluing formula (10) and TQFT relations (11) and (16) provide a powerful and general approach to proving algebraic properties of the functions D(g), C(g, h) and P (g, i, h), like equation (12), by topological means.
Properties of D, C and P from topology
Initial properties of D, C and P
The functions D(g), C(g, h) and P (g, i, h) have an algebraic definition, but enjoy properties coming from their origin as invariants of CCS's, associated to the disk D, the cylinder C and the pants surface P , respectively -see equations (7), (8), (9). In this final section we will analyse some relations that these functions obey, exploiting the invariance of Z M for suitable choices of M .
Because of the planar representation that a CCS possesses by definition, there are two natural symmetry operations on CCS's, namely reflection in a horizontal axis and rotation by 180 degrees around an axis perpendicular to the plane. Both of these operations exchange the incoming and outgoing boundary components, and the 180 degree rotation also inverts the orientation of the boundary components, so this has to be adjusted after the rotation. We denote the CCS obtained from M by reflection and by 180 degree rotation, as M and M r respectively. See Figure 17 for an example of these operations applied to the pants surface P . Proposition 6.1
Proof. There is a one-to-one correspondence between the G-colourings of M and those of M and M r , as is clear by performing the symmetry operation on the whole labelled planar representation, and in the case of M r , replacing g i by g
j , and inverting the order of the respective boundary components.
Since D r = D, C r = C = C and P r = P , we deduce the following properties of the functions D, C and P .
Corollary 6.2
Proof. As an example, the last relation is derived as follows:
When M has empty in and out boundaries, the invariance under rotations generalizes to the following property, which is proved analogously to the previous proposition (see Figure 18 
An example
In this subsection we discuss the implications, in our context, of a simple topological fact, namely that the torus can be obtained by gluing two pairs of pants surfaces and two disks, as in Figure 20 on the left.
In terms of CCS's, the gluing of these four surfaces can be represented as in Figure 20 on the right (we have omitted displaying the orientations so as not to clutter up the figure). The corresponding topological relation can be expressed in the language of TQFT, as:
This relation may be proved both algebraically, by direct calculations, or by using properties of the invariant. First we give the algebraic derivation. 
h,k∈G
Alternatively we display in Figure 21 , a sequence of moves on CCS representations showing the equality. Irrespective of the method of proof, we obtain an identity for the functions D and P in terms of |G| and the invariant for the torus:
Although the function C does not enter explicitly in this identity, the algebraic derivation shows that it appears along the way. We will next show that C in fact depends on D and P , i.e. is not an independent function.
It is enough to consider the CCS M displayed on the left of Figure  22 , and the moves in the same Figure using 
The number of |G|-colourings of M can be expressed as: 
we arrive at the formula:
We conclude this subsection with an interesting result related to the torus. Returning to halfway through the derivation of (20) and relabelling, we obtain: 1
which reflects the topological fact that the torus is obtained by gluing two cylinders together. Now, for a finite group G, its commuting fraction is defined to be the quotient: {j, k ∈ G : kj = jk} |G| 2 i.e. the number of commuting pairs of elements of G divided by the overall number of pairs. Combining equation (21) and equation (15), we have a topological proof for the following proposition, which is well-known to group theorists.
Proposition 6.5 The number of conjugacy classes of G is equal to the commuting fraction of G times the order of G.
We are grateful to an anonymous referee for drawing our attention to the commuting fraction and to this property.
The invariant and pants decompositions
Apart from a small number of simple cases, all surfaces with boundary can be realized by gluing together a number of pants surfaces (the exceptions are the sphere, disk, cylinder and torus). A result due to Hatcher and Thurston [4] states that any two pants decompositions of the same surface can be related by a finite sequence of two types of local moves, depicted in Figure  23 .
↔ ↔
Figure 23: Local moves on pants decompositions
The surface in the second move is a torus with one puncture, obtained by identifying two boundary components of a pants surface in two different ways.
In this subsection we show how these moves are described in the context of CCS's, and how the invariance of Z M gives rise to equations for the function P , associated with the pants surface.
Starting with the first move, we represent it as a move on CCS's in Figure 24 . These two CCS's are clearly related by two Type II moves; removing the 1-cell labelled γ and inserting the 1-cell labelled γ ′ , or vice-versa. Thus the invariant is the same for both. The CCS on the left is a straightforward composition of surfaces: P • P . The CCS on the right we can also recognize to be two pants surfaces glued together along a 1-cell, as illustrated in Figure  25 . Here we have adjusted the group labels of two boundary components, because of the change of orientation. Thus we get the following identity for P , which holds for all i, h, l, m ∈ G:
For the second move we represent the torus with one disk removed as a CCS, M , in Figure 26 . Indeed if we glue a disk to the boundary component of M , we obtain a CCS which clearly reduces to the torus after applying Proposition 6.4 twice. We now represent M in two different ways as coming from a pants surface with two boundary components identified -see Figure 27 .
Thus the invariant h |Z M | ∅ = 1 |G| 3/2 #C M (h) can be expressed in two different ways in terms of the function P , giving rise to the identity: 
Conclusions and Final Remarks
Viewing our results from the group theory perspective, we have been led to introduce two integer-valued functions C and P , which depend on two or three G-elements, respectively. The function C tells us, first of all, whether its two arguments are conjugate or not, i.e. C(g, h) = 0 or C(g, h) = 0, but also gives a measure of conjugacy between the elements g and h by counting the number of elements k such that g = khk −1 . Likewise the values P (g, i, h) of the function P tell us whether or not the element g is in a "doubly conjugate" relation with the pair of elements i and h, i.e. if there exist j 1 , j 2 such that g = j 1 ij −1 1 j 2 hj −1 2 , and if so (i.e. P (g, i, h) = 0), this value tells us the extent to which this double conjugacy holds, by counting the possibilities for j 1 and j 2 . We have derived properties of the functions C and P by using topological reasoning.
From the topology perspective, we have developed a general way of regarding surfaces as cut up into a planar shape, which may be a nice viewpoint in a wider sense. For instance, in the context of Stokes' theorem for flux integrals, the image of a local parametrization of a 2-dimensional manifold with boundary M is the interior of a 2-cell of a CCS representation of M .
Using G-colourings of the 1-cells, where G is a finite group, we have found invariants for our class of surfaces with boundary, and a TQFT setting for them which is not the same as the usual description of 2-dimensional TQFT for surfaces. It would be interesting to look for other constructions of invariants, or generalizations such as including non-orientable surfaces. One construction which we are preparing [3] is to use colourings by elements of a finite 2-group (i.e. a crossed module of finite groups) in order to obtain the invariants. In this case, there are two different finite groups G and H, and the 1-cells of a CCS M get elements of G assigned to them, whilst the 2-cells of M get elements of H assigned to them, subject to a generalization of the flatness condition.
